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1. BACKGROUND 
In [S] Knaster made the following conjecture now known to be false: 
CONJECTURE 1 (Knaster [S]). Given a continuous map f:S” + W” and k = n - m + 2 
points sl, . . . , sk E S”, there exists a rotation peSO(n + 1) such thatfps, = ... = fpsk. 
The case m = n, k = 2 was answered in the affirmative by Hopf in [3] as a generalization 
of Borsuk-Ulam Theorem which is the case where the k = 2 points are antipodal. Floyd in 
[2] solved problem for n = 2, k = 3, m = 1. The case n = k - 1, m = 1 was proven for the 
special case of the k points forming an orthogonal frame by Yamabe and Yujobo in [8]. 
Also Yang solved the problem for n = m + 1, k = 3 in [9] for the special case of an 
equilateral triangle. Volovikov in [lo] has the most general result, proving it for Z, 
symmetric sets of p” or p(n + 1) points for m = 1 or Z, symmetric sets of p” points for m = 2. 
The bound k = n - m + 2 is actually quite natural when you consider that counter- 
examples are simple if k > n - m + 2. We can put the k points in general position and let 
fbe the first m coordinate functions. However, Knaster’s Conjecture was not shown to be 
false until recently. 
Counterexamples were discovered by Makeev in [6,7] and later by Babenko and 
Bogatyi in [l]. The most general result is that if dim V,,,,, < m(k - l), where I/i,j is the 
Steiffel manifold of i-dimensional orthonormal frames in I@ and I is the dimension of the 
configuration of the k points, then the conclusion of Knaster’s Conjecture is false. We can 
set 1 = 2 by placing the points in general position on an S’, then we have a counterexample 
whenever 2n - 1 < m(k - 1). Makeev makes the following conjecture: 
CONJECTURE 2(Makeev [6,7]). The inequality dim I/,+ 1.1 > m(k - 1) is suficientfor the 
conclusion Knaster’s Conjecture to be true. 
In this paper we find six counterexamples which produce the following result: 
THEOREM 1. Knaster’s Conjecture is false for all n z=- m > 2. 
We also find the first known counterexamples to Makeev’s Conjecture and produce 
a counterexample for n = 3, m = 2, k = 3, which answers Problem 5.42 (p. 352) in Kirby’s 
list [4]. The values for n, m, and k achieved by Counterexamples 1,2,3 and 5 are covered by 
results of previous authors although the configuration in Counterexample 3 is also 
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a counterexample to Makeev’s Conjecture. We hope the approach presented is new and 
general enough to apply to other cases. Furthermore, the proof of the main theorem of this 
paper becomes self-contained. Counterexamples 4 and 6 produce new values for which 
Knaster’s Conjecture is false and are also counterexamples to Makeev’s Conjecture. 
We will assume that S” is the unit sphere in !%‘+I, with coordinate functions (xi):= 1. For 
a given S” we will also use the notation 9 for j < n to be the set of points SES” such that 
xi(s) = 0 for i > j + 1. For example 9 represents the unit circle in the x,x,-plane. 
For a given functionf: S” + R”, we will denote the jth coordinate offfor 1 6 j 6 m byfj. 
We will also utilize the decomposition f=f^+jt” where fand Tare the symmetric and 
anti-symmetric parts of f related by the equations f(s) = (f(s) + f( - s))/2 and 
As(S) = (f(s) -f( - s))/2. 
2. A GENERAL COUNTEREXAMPLE 
In this section, we give a general counterexample which covers all of the cases in [l] and 
a modification which produces a counterexample to Makeev’s conjecture. It will be easier to 
understand the general counterexample if we first explain a specific case. 
COUNTEREXAMPLE 1. Let n = 6, m = 3, k = 5. Let {Si}F= 1 be points chosen on $such that 
no two points are antipodal. Let 
f= (max{lxlI,Ix~I~~ maG41x40~ max{Ix5LI~6II). 
This gives a counterexample to Knaster’s Conjecture. 
Proof: Suppose there exists p E SO(7) satisfying Knaster’s Conjecture. Consider the great 
circle C = p(F). C cannot lie entirely on the x, axis so must have non-trivial projection 
onto one of the other axes, say x1. Let Ci = psi. By our initial assumption, fi (ti) is a constant 
which we will call c. Now since Ixl(ti)l > 0 for all but at most one tip we must have c > 0. 
However since no two points of {ti}:z 1 are antipodal, Ixl(ti)l = c at most two points. The 
reason for this is that since ti are distinct points on C we can write x1 (ti) = r cos Bi for 
distinct angles 8i, where r is the max of the projection of C on the xl-axis. There are at most 
four angles where xl(ti) = rcos Bi = f C. Since ti # - tj, we have 8i # 0, + TC, hence we 
have at most two points where xl(ti) = f c. We note that Ixz(ti)l = c at most two points 
also. Hencell = c at all five points { ti}~= 1 is an impossibility. q 
The above generalizes to the cases covered in [l]. 
COUNTEREXAMPLE 2. Suppose n < mk’, where k’ = L(k - 1)/2J. Then we can construct 
a counterexample to Knaster’s Conjecture by choosing {si}f= 1 on $ such that no two points 
are antipodal. Let f be such that 
.I$ 1, ... > XJ= IIUX(lX(j-l)k*+ll, ... , Ixjk’lJ 
where xi is understood to be 0 if i > n + 1. 
Proof Using the same notation as the previous proof, there must be some xi for i < n 
such that C = p(z) has non-trivial projection. Look at the correspondingfj-using the 
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same argumentfj = c > 0 can only be achieved at 2k’ points of ti = p(si). Since k > 2k’ we 
reach a contradiction. 0 
With a little modification we can extend this to a construction of a counterexample of 
Makeev’s Conjecture. 
COUNTEREXAMPLE 3. Let n = I, m = 3, k = 6. Choose {si}i5,1 to be on 9 but let s6 = 
(0, 0, 1, 0, 0, 0, 0, 0). We let f be as in theJirst counterexample: 
f= (max(lxlIy 1x21), max{lx313 1x41), max{lx5I,lx613). 
Proof Let the notation be as before. We note that C = ps must have trivial xi 
component for i < 6 otherwise we can use the same argument as before to get a contradic- 
tion. Hence C must be the unit circle in the x7x,-plane andflc = 0. However, since t6 = ps6 
is not on the x,x,-plane, f(t6) # 0. 0 
Since our configuration did not lie on an S’, we have 1= 3 and a counterexample of 
Makeev’s Conjecture. 
3. COUNTEREXAMPLES FROM THE DECOMPOSITION OFf 
To construct these counterexamples we will examine the decomposition f =f+finto 
symmetric and anti-symmetric parts as explained in Section 1.1. We begin to see the 
significance of this decomposition when we examine pairs of antipodal points. Suppose 
s and - s are both in the k-point configuration of &raster’s Conjecture. Then p must satisfy 
f(ps) =f(p( - s)) =.f( - ps) since rotations preserve antipodal points, Letting t = ps, we 
find that f(t) = 0. For a given n and m we can let f” be such that the zero set offlis S”-“. 
This restriction on the location of t is strict enough for us to construct a counterexample 
with an appropriate choice of fin many instances. 
COUNTEREXAMPLE 4. Let n > 2, m = n - 1, k = 3. Let s1 = (1, 0, 0, . . . ,), s2 = - sl, 
and s3 = (0, LO, 0, ... ). Let T= &(x3, . . . ,xn+ 1), where E = 0.1. Let f^= 
(x1x2,(x? - x:)/2,0,0, . . ). If we set ,f = f-+fthis produces a counterexample of Knaster’s 
Conjecture. 
Proof. Suppose there exists a rotation p satisfying the conditions of Knaster’s Conjec- 
ture. Let ti = psi. Note that t2 = - t1. By the discussion above,f(tl) = 0. In other words 
Xi(tl) = 0 if i > 2. Hence tl ~9. We note that rotations preserve angles so tl’t3 = s1’s3 = 0. 
We claim that f(tl) = Ixl(tl)xZ(tl)l <E. Suppose not. Let us take the case where 
xl(tl)x2(tl) > E. Thus xl(tl) and xZ(tl) must be of the same sign. Since 
tl’t3 = Xl(tlbl(t3) + xz(t1h(t3) = 0 
xl(t3) and x2(t3) must be of different signs. So we must have 
f1(t3) = x1@3Mt3) + =3(t3) < 8 
since x3(t3) < 1. However, we already know fi(tl) > E, hence obtaining a contradiction. 
A similar argument applies if we assume xl(tl)x2(tl) < - E. 
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Geometrically this means that tr must be close to either the x1 or x2 axis on s’. Using 
the same argument and the fact that 
Xl + x2 x1 - x2 x: - x: =--- 
$J2 2 
we can conclude thatf2(tl) < E. This means that tr must be close to one of the diagonals. 
For our choice of E = 0.1 these two conditions cannot be satisfied simultaneously. 0 
The above is the same family for which Yang answered in the affirmative in [9] for the 
specific case of an equilateral triangle. 
To do the k = 4 family we note the following topological facts: 
We can consider P” = S”/- , where - is the antipodal map. We will also use the 
notation P = Zr/ - . 
A symmetric mapES” -+ UP is also a map f: P” --+ R”. 
Fori<n,wecanextendamapg:~~IWmtoamapf:P”~[Wmsuchthatf~~=g 
since R” is simply connected. 
p2 can be embedded in R”’ if m 3 4, so by the previous statement there exists a map 
f: P” + IR”’ such that fly is an embedding. 
COUNTEREXAMPLE 5. Let n = m + 2 > 5, k = 4. Let s1 = (l,O, . . . ,O), s2 = - sl, s3 = 
(0, 1, 0, . . . ,O), s4 = - s3. Letf”= (x4, . . . ,x,+ 1). Letf-be such thatf-1, is an embedding. Then 
if we let f = f^+Twe have a counterexample to Knaster’s Conjecture. 
Proof: Again suppose there exists a p which satisfies Knaster’s Conjecture and let 
ti = psi. From previous argumentsfiti) = 0, SO tiEF. Hence f (ti) =f^cti). However sincefl,z 
is an embedding, f (tl) #f (t3). cl 
Counterexample 6 is necessary to complete the proof of the theorem since it is the only 
remaining unknown case for m > 2. 
COUNTEREXAMPLE 6. Let n = 5, m = 3, k = 4. Let si ES such that 
s1 = (1, O), s2 = (l/2, $/2), s3 = (- l/2, G/2), s4 = - sr. 
Let f= &(x4, x5,x,), where E = 0.1. Let f^= (~x1~,Ix2~,Ix31). Zf we let f =f+f we have 
a counterexample for Knaster’s Conjecture. 
Proof: Again, suppose that there exists p l S0(6) satisfying Knaster’s Conjecture. Let 
ti = /ISi. Then we note thatf”(t,) = 0, hence tl ~3. 
We claim that fi(tl) = Ixl(tl)( < 2~. Suppose otherwise - let c = Ixl(tl)l 2 2~. Then 
c = Ixr(rI)l =fi(tl) =fi(4) = lxICti)l + EX4(ti) 
for i = 2,3. Since (x4(ti)l < 1, C-E < Ixl(ti)l <c + E. Note that s1 + s3 = s2, hence 
tl + t3 = t2, and also xr(rr) + xl(t3) = xI(t2). Hence IxIM = I(lxI(tI)l f IxI(t3)l)l. So 
we have either IxI(t2)l > 2c - E > c + E or (xl(t2)l < E < c - E and get a contradiction. 
Similarly, we must have Ix2(tl)l < 2.5 and Ix3(tl)l < 2s. However, this means that 
x: (t1) + x:(tI) + xi@,) < 12E2 < 1 
hence t, $9, which gives us a contradiction. 0 
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Table 1. Updated results on Knaster 
m\k 2 3 4 5+ 
1 TJ ?Y ?’ 
2 .TTh F4 ? 
3 Th F4 ;e FM 
4+ Th F4 F” FM 
T-True, F-False, ?-Unknown. 
4New result produced by Counterexample 4. 
6 New result produced by Counterexample 6. 
MMakeev in [6], Babenko-Bogatyi n [l] and Counter- 
examples l-3. 
“Makeev in [6] and Counterexample 5. 
h Hopf in [3]. 
f Floyd in [2]. 
YYamabe and Yujobo-True for orthonormal frames in [S]. 
4. DISCUSSION OF RESULTS 
Table 1 summarizes the currently known results for Knaster’s Conjecture. The m = 2, 
k = 3 case may also suggest hat: 
CONJECTURE 3. Knaster’s Conjecture is false for n > m > 1. 
Whatever the outcome of the above question, the counterexamples presented in this and 
other papers shows that the bound n = m + k - 2 gives a poor estimate on when the 
conditions of Knaster’s Conjecture must be satisfied for m > 2. In fact, Counterexample 2as 
well as [l, 61 show that the bound for n must be at least on the order of km. Makeev’s 
Conjecture appeared to be a more promising bound but also fails. The question remains 
open as to what bounds exist for a given m and k. For example, given an arbitrary m and 
k does there even exist an n such that the conditions of Knaster’s Conjecture are satisfied? 
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